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Abstract A self‐potential (SP) data‐inversion algorithmwas developed and tested on an analytical model of
electrical‐potential profile data attributed to single and multiple polarized electrical sources. The developed
algorithm was then validated by an application to SP‐monitoring field data measured on the floodplain of East
Fork Poplar Creek, Oak Ridge, Tennessee, to image electrical sources in areas conducive to preferential flow
into the flood plain from the bedrock‐lined riverbed. The algorithm combined stochastic source‐localization by
particle‐swarm‐optimization (PSO) of electrical sources characterized by simplified geometries with source
tomography by regularized weighted least‐squares minimization of a quadratic objective function. Prior
information was incorporated by preconditioning the tomography algorithm by PSO results. Variable
percentages of random noise were added to analytical‐model data to evaluate the algorithm performance.
Results indicated that true parameters of single‐source models were inverted and approximated with small
residual error, whereas inversion of analytical‐model data representing multiple electrical sources accurately
approximated the locations of the sources but miscalculated some parameters because of the non‐uniqueness of
the inverse‐model solution. Source tomography applied to analytical model data during testing produced a
spatially continuous parameter field that identified the locations of point‐scale synthetic dipole sources of
electrical current flow with varying degrees of accuracy depending on the prior information incorporated into
the tomography. When applied to SP‐monitoring field data, the algorithm imaged electrical sources within a
known fault that intersects the bedrock riverbed and flood plain of East Fork Poplar Creek and depicted dynamic
electrical conditions attributed to hyporheic exchange.

Plain Language Summary A self‐potential (SP)‐data inversion method was developed and tested on
synthetic models of electrical‐potential data and electrical‐potential field data acquired by monitoring voltages
through time at multiple locations on the flood plain of a river flowing over a bedrock aquifer. The SP‐data
inversion method (a) calculates horizontal electrical‐potential profile data over buried electrical sources with
user‐defined properties, (b) finds the locations of unknown electrical sources of electrical‐potential data by
particle swarm optimization (PSO), (c) performs electrical‐source imaging using the locations of the sources
determined by PSO as a guide, and (d) enables real‐time monitoring of water exchange between a river and a
bedrock aquifer. The results obtained by applying the inversion method to SP‐monitoring data depict transient
electrical changes in a bedrock aquifer that are affected by changes in streamflow and attributed to water
exchange between the river and aquifer along a fault.

1. Introduction
The hyporheic zone plays a role in hydrological and ecological functioning of bedrock rivers (Bencala, 2005;
Cardenas &Gooseff, 2008; Findlay, 1995; Harvey &Gooseff, 2015; Krause et al., 2011;White, 1993). A bedrock
river is defined herein as a stream flowing over a bedrock aquifer, which may or may not be lined with a thin layer
of alluvial sediment on the streambed and adjacent flood plain. Understanding the temporal dynamics of small‐
scale hyporheic‐zone processes in bedrock rivers is essential for understanding watershed function and preserving
river ecosystems. The methodologies available for investigating the hyporheic zone in alluvial rivers are of
limited use in bedrock rivers (Kalbus et al., 2006; Krause et al., 2011) because fracture networks and karst features
create more complex groundwater‐flow patterns and render the hyporheic zone less directly accessible. The
relative inaccessibility of the hyporheic zone in bedrock rivers has been identified as the source of a knowledge
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gap in the scientific literature (Chow et al., 2021; Kennedy, 2017; Oxtobee and Novakowski, 2002, 2003; Tinkler
and Wohl, 1998).

Self‐potential (SP) methods offer a broad range of contributions for investigating the hyporheic zone in bedrock
rivers and assisting in mitigating the perceived knowledge gap (Jouniaux et al., 2009; Linde et al., 2011; Revil and
Jardani, 2013; Revil et al., 2017; Valois et al., 2018; Ikard et al., 2018, 2021a, 2021b, 2023a, 2023b). SP methods
include land‐based and waterborne mapping and monitoring of naturally occurring electrical‐potential signals that
arise from subsurface electrical current flows. Primary electrical current flows are created by fluid, heat, and ion
fluxes along hydraulic, thermal, electrochemical, and ionic‐concentration gradients. Secondary electrical current
flows are attributed to heterogeneities in hydraulic and electrical properties of geologic materials that result in
spatial gradients of cross‐coupling coefficients, and also are attributed to seismoelectric effects (Barde‐Cabusson
et al., 2021; Ikard et al., 2012; Ikard & Revil, 2014; Mitchell, 1991; Nyquist and Corry, 2002; Revil et al., 2013;
Revil and Linde, 2006; Revil and Mahardika, 2013; Rittgers et al., 2013; Sill, 1983). The importance of primary
and secondary electrical current flows on the total flux of electrical current depends on the relative magnitude of
the fluid, heat, or ionic flux and the corresponding cross‐coupling conductivity coefficient (Sheffer and
Oldenburg, 2007).

Interpreting hyporheic zone processes from land‐based or waterborne self‐potential (WaSP) data requires forward
and inverse modeling of the electrical‐potential field created by primary and secondary electrical current flows.
Whereas the SP forward problem calculates the electrical‐potential field produced by a collection of known or
assumed electrical‐current sources, the SP inverse problem consists of calculating a unique model of the geo-
spatial distribution of buried electrical‐current sources frommeasured electrical‐potential data. The inverse model
minimizes residual error between measured electrical‐potential data and inverse‐modeled (simulated) electrical‐
potential data and optimizes a trade‐off between residual error and model complexity to prevent overfitting
inherent noise in the data.

Many SP‐data inversion algorithms are published in the scientific literature given the nearly 200 years of
theoretical and applied development of the method in the geophysical, geological, and hydrological sciences
(Barde‐Cabusson et al., 2021). The variety of published SP inversion algorithms includes gradient‐based algo-
rithms such as linear and nonlinear least‐squares optimization (Jardani et al., 2007a, 2008; Minsley et al., 2007a,
2007b; Essa et al., 2008; Martínez‐Pagán et al., 2010; Richards et al., 2010; Rittgers et al., 2013; Soueid Ahmed
et al., 2013), global‐search algorithms such as simulated annealing and particle swarm optimization (Bis-
was, 2016; Biswas & Sharma, 2015; Di Maio et al., 2019; Elhussein, 2021; Gobashy et al., 2020; Göktürkler &
Balkaya, 2012; Luo et al., 2023; Sharma and Biswas, 2013; Srivastava et al., 2014; Sungkono, 2020; Sungkono
and Warnana, 2018), and a multitude of other algorithms and approaches to SP‐data inversion (Haas et al., 2013;
Jardani et al., 2007b, 2009; Mendonça, 2008; Mehanee, 2022, to list a few). Although gradient‐based algorithms
are generally more mature for highly parameterized geophysical inverse problems compared to global search
algorithms, there are two main disadvantages of gradient‐based algorithms: (a) they require calculations of partial
derivatives of the forward model with respect to the model parameters to construct the Jacobian or Hessian
matrices, and (b) their convergence upon global minima of the optimized objective function, as opposed to
localized minima in parameter space, is not guaranteed and depends upon the selection of the initial parameter
values (Luo et al., 2023).

Alternative to gradient‐based algorithms, swarm‐intelligence algorithms such as PSO are a variety of global‐
search algorithms that have become a focus of research in geophysical inverse problems and have received
much recent attention for inversion of potential‐fields data (gravity, magnetic, and SP data) (Essa, 2019, 2020;
Essa and Elhussein, 2018, 2020; Fernández‐Martínez et al., 2010; Göktürkler & Balkaya, 2012; Luo et al., 2023;
Monteiro Santos, 2010; Pekşen et al., 2011; Shi and Eberhart, 1998; Singh and Biswas, 2016). PSO optimizes a
geophysical problem by randomly and iteratively repositioning a population of candidate solutions (particles)
within a large parameter search space to seek a best solution based on a specified measure of data misfit. The PSO
algorithm is robust in the presence of data noise, provides greater convergence speed and accuracy compared to
other popular global‐search algorithms (Göktürkler & Balkaya, 2012), and attempts to solve the SP inverse
problem as a stochastic sampling problem to overcome the tendencies of gradient‐based algorithms to converge
upon local minima of the objective function (Yuan et al., 2009).

Despite the abundance of SP‐data inversion algorithms published in the scientific literature, demonstrations of
inversions of SP data to study transient hyporheic exchange in a bedrock river are currently (as of 2024)
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nonexistent. An SP‐data inversion method is therefore developed in this work from a combination of global‐
search and gradient‐based algorithms and validated through applications to synthetic geoelectrical models
and SP monitoring data measured along two intersecting electrode arrays installed into the flood plain of a
bedrock river to monitor electrical sources in the bedrock aquifer attributed to hyporheic exchange. PSO is
applied to an analytical model of electrical potential data attributed to electrically polarized current sources
characterized by arbitrary simple geometric shapes to perform source localization. Gradient‐based source to-
mography is then performed using source‐localization results to reduce noise in the inverted data and
precondition the objective function with prior information about the locations and intensities of stochastic
electrical‐current sources. The demonstrated methods are intended to produce an SP‐monitoring and data‐
inversion method for temporal SP monitoring and characterization of a known or suspected hydrologic ex-
change feature.

2. The Self‐Potential Forward Problem
The classical SP forward problem consists of solving the governing groundwater‐flow (Equation 1) (Anderson
et al., 2015) and electrostatic (Equation 2) (Revil et al., 2012) partial differential equations for spatial distributions
of Darcy velocity (u; m s− 1) (Equation 1), and electrical potential (φ; mV) (Equation 2), respectively. The
forward‐model geometry is an imperfect representation of reality that is commonly defined and parameterized by
the electrical resistivity distribution (ρ; ohm‐m) (Equation 2) obtained from an electrical resistivity tomography
survey. Electrical and hydraulic boundary conditions and parameterizations are assigned to the forward‐model
geometry and the Darcy velocity and electrical‐potential distributions are calculated on a finite‐difference grid
or finite‐element mesh incorporating the resistivity and hydraulic conductivity distributions.

∇ ⋅ u = Qs (1)

∇ ⋅ (ρ− 1∇φ) = ∇ ⋅ js (2)

The governing partial differential equations are coupled by petrophysical relations between electrical and hy-
draulic material and fluid properties shown in Equations 3 and 4 (Bolève et al., 2007; Ikard et al., 2023c; Jardani
et al., 2007a, 2008). At the differential control‐volume scale, groundwater sources and sinks (Qs; s

− 1) generate
primary sources of positive and negative electric charge (Crespy et al., 2008; Sheffer and Oldenburg, 2007;
Vasconcelos et al., 2014). The advection of electric charges in the diffuse band of the electrical double layer
generates streaming current (js; A m− 2), quantified by the product of Darcy velocity and excess (volumetric)
charge density (Q̂v ; Cm− 3) as shown in Equation 3. Groundwater sources and sinks therefore alter the volumetric
current density (∇ ⋅ js; in A m− 3), which is the source‐term in the electrostatic equation (Bolève et al., 2007; Revil
et al., 2005; Revil and Leroy, 2001, 2004). The excess (volumetric) charge density in Equation 3 has been shown
to be well approximated by the empirical function of intrinsic permeability (ki; m

2) given in Equation 4 (Jardani
et al., 2007a, 2008; Jardani & Revil, 2009).

js = Q̂v u (3)

log10Q̂v = − 9.2 − 0.82 log10ki (4)

As an alternative to forward modeling the coupled groundwater‐flow and electrostatic partial‐differential
equations, SP anomalies can be calculated along a horizontal profile from an analytical model of electrical po-
tential attributed to electrically polarized current sources that have simple geometric shapes such as spheres,
horizontal or vertical semi‐infinite cylinders, or inclined planes (Babu & Rao, 1988; Banerjee, 1971; Bhatta-
charya & Roy, 1981; Biswas & Sharma, 2015; Essa, 2019, 2020; Essa & Elhussein, 2017; Essa et al., 2008; El‐
Kaliouby & Al‐Garni, 2009; Gobashy et al., 2020; Monteiro Santos, 2010; Rao and Babu, 1983; Roudsari and
Beitollahi, 2013; Sundararajan et al., 1998; Yüngül, 1950). The analytical‐model equation describing electrical‐
potential anomalies φ(x) (mV) any point x along a horizontal profile above an assemblage of electrical‐current
sources is given in Equation 5. This model is applicable to multiple electrical sources with spherical and cy-
lindrical shapes positioned within a homogeneous half‐space.
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φ(x) =∑
m

i=1
pi
(x − xo) cos θi + zo sin θi

[(x − xo)2 + z2o]
qi (5)

In Equation 5, xo (m) is the origin of the buried electrical source beneath the horizontal profile and zo (m) is the
depth to the center of the source in the case of spherical and horizontal cylindrical sources (Figure 1), or depth to
the top of the source in the case of vertical cylindrical sources and inclined polarized sheet‐like sources. The
variable θ (radians) is the polarization angle between the axis of polarization of the source and the horizontal axis,
and controls the symmetry of the electrical‐potential anomaly along the profile around the xo coordinate. The
shape‐factor, q (unitless), is typically assigned values of 1.5 for a spherical source, 1.0 for a horizontal cylindrical
source, 0.5 for a vertical cylindrical source (Di Maio et al., 2019), and its value approaches 0 for a polarized plane
(Göktürkler & Balkaya, 2012). Note that the value of the shape factor parameter affects the units of the electric‐
current dipole moment, p (mV ⋅ m2q− 1), which for horizontal cylindrical sources (q= 1) is related to the electrical
source‐current density (I, Amps) and the resistivity of the geologic material according to Equation 6.

p =
ρI
2π

(6)

The dipole moment of the source is a vector quantity that represents the separation of positive and negative
electrical charge. The vector direction points from the negative charge to the positive charge, and its magnitude

Figure 1. Conceptual models of buried electrically polarized sources of electrical potential and Equation 5‐simulated
synthetic electrical‐potential profile data attributed to the electrical sources. (a) Horizontal electrical‐potential profile data
(dark blue) attributed to the dark‐blue source shown in panel (c). (b) Horizontal electrical potential profiles attributed to three
buried sources in panel (d). The red curve is the sum of the green, pink, and light‐blue curves calculated from sources of
corresponding color, and represents the horizontal electrical‐potential profile data attributed to combined effect of the three
sources. (c) Subsurface distribution of one electrical source that produces the true model (dark‐blue data) in panel (a),
showing Equation 5 parameters. (d) Subsurface distribution of three electrical sources that produce the true model (red data)
in panel (b).
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quantifies the intensity of the electric dipole (Biswas and Sharma, 2014a, 2014b). Advective separation of charge
is an electrical‐current source (Revil and Leroy, 2001), such that advective drag of excess electrical charge in the
electrical double layer through the pore spaces of an aquifer by groundwater flow is expected to produce an
electrical dipole‐moment with a vector direction that reflects the groundwater‐flow direction.

3. The Self‐Potential Inverse Problem
The SP inverse problem presented in this work combines stochastic electrical‐source localization using PSO and
electrical‐source tomography using weighted least‐squares (WLS) minimization of a regularized quadratic
objective function of weighted data residuals and weighted model vector. The analytical forward model of
Equation 5 is used to circumvent the need for computationally expensive numerical solutions of the governing
partial differential equations (Equations 1 and 2) and to precondition the kernel matrix of the WLS objective with
prior information from stochastic source localization using PSO. The mechanics of the inversion procedure are
summarized in the flow chart provided in the Supporting Information S1, which indicates the connection between
the source‐localization and source‐tomography algorithms used in this work.

3.1. Source Localization by Particle Swarm Optimization

Source‐localization optimizes the geospatial locations and electrical properties of an arbitrary number of sto-
chastic electrical‐current sources to minimize misfit between measured data and data simulated by the analytical
forward model in Equation 5. The sources are considered stochastic in the sense that each is randomly positioned
and assigned electrical properties by PSO to minimize the residual error (data misfit) between the measured data
and the cumulative sum of simulated data attributed to all optimized stochastic sources. Equation 7 expresses the
root mean squared error (RMSE) objective function to be minimized. In Equation 7, the N x 1 column vector
e = dobs − dsim is the residual error vector, where N refers to the number of observed and simulated data and the
superscript T denotes the vector and matrix transpose operator. The residual error vector is equal to the difference
between observed (measured or analytical‐model) electrical‐potential data stored in the column vector, dobs, and
simulated electrical‐potential data stored in the column vector dsim and simulated by substitution of the optimized
source‐parameters values into Equation 5.

RMSE = [
1
N
eTe]

1 /2

(7)

The PSO source‐localization algorithm incorporates the following steps for each stochastic electrical source that it
optimizes (Eberhart & Kennedy, 1995; Pekşen et al., 2011). A particle swarm is completed for each stochastic
source. Each swarm consists of 2,000 particles initialized by random initial position and velocity vectors and
local‐ and global‐best position vectors with lengths equal to the number of parameters to be optimized (five
parameters in Equation 5; p, θ, q, xo, zo). Equation 5 is evaluated for each particle to simulate electrical‐potential
data along the z = 0 surface. Equation 7 is evaluated for each particle to quantify the RMSE between measured
and simulated data. The best positions of individual particles and the best global position of all particles in the
swarm, as indicated by the lowest respective values of RMSE, are determined from Equation 7 and the local‐ and
global‐best position vectors are updated accordingly. The particles' positions and velocity vectors are then
updated as shown in Equations 8 and 9 (Fernández‐Martínez et al., 2010; Yuan et al., 2009).

v j+1
i = wvji + c1r1(pi − xji) + c2r2(g − xji) i = 1…s, j = 1,…maxits (8)

x j+1
i = xji + v j+1

i (9)

In Equations 8 and 9, i= 1, 2,…, s is a particle index for each of the s= 2,000 particles in each swarm, the velocity
vectors vji and v

j+1
i are row vectors that represent the velocities of each of the particles at the jth and (j + 1)th

iterations of the PSO algorithm to provide the parameter perturbations needed for iterative updating of the
particle‐position vectors. The row‐vectors xji, pi, and g are, respectively, the position vector of the ith particle at
iteration j, the best position vector of the ith individual particle out of all iterations, and the global best position
vector from the entire swarm of particles out of all iterations. The maximum number of iterations (maxits) is
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specified to balance accurately simulated electrical‐potential profile data with computational speed. The position
vector of a given particle is the set of parameter values corresponding to the particle at each iteration of the
algorithm and represents an attempt to solve the inverse problem, whereas the global best position of the group of
particles represents the best solution to the inverse problem that the algorithm converges upon for each stochastic
electrical source that is optimized. The inertia weight, w (dimensionless), in Equations 8 and 9 is applied to each
particle in a given swarm and specified as a decay function of the iteration number within the range [0.8, 1.2]
(Essa, 2019; Monteiro Santos, 2010; Shi and Eberhart, 1998). Parameters c1 and c2 were each assigned a value of
2, whereas r1 and r2 were assigned uniformly distributed random numbers in the range [0, 1].

Stochastic sources are localized by the PSO algorithm consecutively one‐by‐one. PSO iteration occurs for each
stochastic source until predefined convergence criteria are met. Upon each convergence for each stochastic
source, the vectors dobs and dsim in Equation 7 are modified. Simulated data in dsim are accumulated from prior
stochastic sources according to Equation 10, where index S is the predefined maximum number of stochastic
sources to be optimized, and the accumulated sum of simulated data is subtracted from dobs according to
Equation 11. This essentially modifies Equation 7 upon optimization of each stochastic source by consecutively
decomposing dobs and removing the contributions of optimized sources at prior iterations in accordance with the
principle of superposition (Blakely, 1995; Griffiths, 1999). Thus, the algorithm localizes a specified number of
sources one source at a time, and progressively minimizes the RMSE between measured data and the cumulative
sum of simulated data for each stochastic source.

dsim,S =∑
S

j=1
dsim,j (10)

dobs = dobs − dsim,S (11)

3.2. Self‐Potential Source Tomography by Weighted Least Squares

SP‐source tomography images the spatial distribution of electrical‐current sources beneath the horizontal profile
of SP data on the z = 0 surface. The subsurface is discretized horizontally and vertically into M = nx ⋅ nz grid
points, where nx is the number of discretized points in the horizontal x‐coordinate direction and nz is the number
of discretized points in the vertical z‐coordinate direction. Each of the M discretized grid points beneath the
horizontal profile is assumed to represent the fixed location of an electrical‐current source, and the unknown
values of dipole moments at each discretized point are optimized by minimizing an objective function of the
weighted data‐vector and model‐vector norms shown in Equation 12, where ‖A‖2 represents the L2 Euclidean
norm of an arbitrary vector A (Menke, 1989).

min ‖Wd (dsim − dobs)‖2 + λ‖Wm (m − m0)‖2 (12)

In Equation 12, dsim = Km = [dsim,1,dsim,2,…dsim,N]
T, is an N x 1 column‐vector containing simulated electrical‐

potential data at the geospatial locations of each measured data. The measured data are stored in the N x 1 column‐
vector dobs = [d1,d2,…dN]T, and the residual error vector of residual errors between simulated and measured
electrical‐potential data, e (mV), is again defined as e = dsim − dobs. The matrix K is an N x M forward‐model
kernel matrix that encodes the physics of the forward problem in addition to the horizontal and vertical dis-
cretization intervals. The values of dipole‐moments of the electrical sources at the discretized grid points are
stored in theM x 1model vectorm = [p1,p2,…pM]

T, and their optimized values approximate theNmeasured data
to an acceptable degree from the analytical forward model. The matrices Wd and Wm in Equation 12 are data‐
weighting and model‐weighting matrices, respectively, that enable prior information to be incorporated into
the algorithm. The dimensionless parameter λ is a scalar regularization parameter that optimizes a trade‐off
between residual error and model complexity and enables a unique inversion model to be determined without
overfitting noise in the observed data (Aster et al., 2005; Tikhonov and Arsenin, 1977). TheM x 1 column‐vector
m0 represents a reference model and in this work was equal to the zero vector.

Minimization of the objective function in Equation 12 leads to the linear system of equations expressed in
Equation 13. Equation 13 is solved by restating it as an N x M linear system of equations Gm = d*, whereG is an
N x M matrix that represents the bracketed term on the left‐hand side of Equation 13 and d* is an N x 1 column
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vector that represents the bracketed term on the right‐hand side. The inverse model corresponding to a single
value of λ is then obtained by truncated singular‐value decomposition ofG intoG = UΣVT, where U is anM xM
orthogonal matrix of basis vectors spanning the data space, Σ is anM x N diagonal matrix with singular values of
G on the diagonal, and V is an N x N orthogonal matrix with basis vectors spanning the model space (Aster et al.,
2005). The solution of Equation 13 is obtained from Equation 14, where Σj is the jth singular value of the matrix
G, UT

j is the transposed jth column of matrix U, and Vj represents the jth column of the matrix V (Aster et al.,
2005).

[KT (WT
dWdK) + λ(WT

mWm)]m = [KT (WT
dWd)dobs + λ(WT

mWm)mo] (13)

m = ∑

min(M,N)

j=1

Σ2
j

Σ2
j + λ2

UT
j d
Σj

Vj (14)

Data and model weighting matrices are incorporated into Equation 13 to add prior information regarding data
quality, model discretization intervals, and model smoothness (Aster et al., 2005; Menke, 1989). The data‐
weighting matrix, Wd, is the N x N diagonal matrix defined in Equation 15 that contains along its diagonal the
reciprocals of standard deviations σn of data measured over a window of values preceding and following each of
the measured values in dobs. Larger weighting represents electrical‐potential data that are characterized by smaller
standard deviation, and vice versa.

Wd = diag[1/σ1 ,…, 1/σN] j = 1,…,N (15)

The model weighting‐matrix,Wm, is anM xMmatrix that affects properties of the inverse solution such as depth‐
weighting of the inverted sources, model‐smoothness and source‐compactness constraints in the x and z coor-
dinate directions. The inversion algorithm developed in this work enables calculation of the model‐weighting
matrix by two methods. In the primary method, Wm is calculated as the discrete banded Laplacian matrix
based on a modified form of the code published by LeVeque (2007, p. 68), and explicit calculation of the matrix
WT

mWm is obtained fromWm. Alternatively, model‐weighting is incorporated through linear subspace methods
described by (Li & Oldenburg, 1996, 1998, 2000; Oldenburg and Li, 1994) to allow for inclusion of depth‐
weighting and additional prior information. These methods are described in further detail in the Supporting
Information S1.

The kernel matrixK in Equation 13 is calculated from the forward model in Equation 5 in two steps. First, PSO is
applied to Equation 5 to optimize a predefined number of stochastic electrical‐current sources and minimize
residuals between measured and simulated electrical‐potential data. Second, a parametric sweep is performed
over discretized model grid points. Each grid point is used in succession as an electrical‐current‐source boundary
condition with fixed position and standardized electrical properties (p = 1 mV ⋅ m, θ = 0°, q = 1), while the
remaining model points are assigned dipole moments equal to 0 mV ⋅ m. Discretized model grid points located on
or near a stochastic source are assigned the dipole moment of the stochastic source, whereas the polarization‐angle
and shape‐factor parameters are held constant at the standardized values (to maintain proper units). Electrical‐
potential data along the z = 0 surface are calculated by using Equation 5 for each current‐source at each grid
point, and each vector of simulated profile data is stored in a matrix as a row vector. The parametric sweep over
the full set of discretized model points produces theM x NmatrixKT, which is transposed into the N xMmatrixK
on the basis of source‐receiver reciprocity and substituted into Equation 13. In this manner, the PSO step reduces
noise in the electrical‐potential data inverted by the source‐tomography algorithm, and the optimized dipole‐
moment values of the stochastic sources precondition the tomography inverse problem with prior information
about the locations and intensities of stochastic electrical current sources.

The SP inverse problem is underdetermined because there are more unknown parameters in m than there are
synthetic (or measured) SP data in dobs. An infinite number of inverse model vectors m can therefore reproduce
the measured data exactly by fitting noise in the data. Regularization was therefore applied by solving Equation 13
30 separate times using logarithmically spaced values of λ within the interval [10−5, 105] to quantify the L2 data‐
vector and L2 model‐vector norms corresponding to each unique value of the λ parameter (Aster et al., 2005;
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Hansen & O’Leary, 1993; Oliveti and Cardarelli, 2019; Tikhonov and Arsenin, 1977). The procedure for
automated selection of the regularization parameter is described in further detail in the Supporting
Information S1.

4. Application to Synthetic Model Data
The source‐localization and source‐tomography algorithms outlined in Section 3 are tested in this section on
synthetic models of electrical‐current sources characterized by simple geometric shapes to evaluate the perfor-
mance of the algorithms for varying percentages of electrical noise in the inverted data. Figures 1a and 1b show
synthetic electrical‐potential profiles calculated with Equation 5 and attributed to synthetic electrical sources in
Figures 1c and 1d whose diameters are sized proportional to the assigned dipole moments of the sources, which
are summarized in Table 1. The shape factors (q values in Table 1) of the synthetic sources shown in Figure 1 most
closely resemble spherical and vertical‐cylindrical sources based on their values. Figure 1a shows synthetic
electrical‐potential data attributed to the single buried source positioned at the location of the dark‐blue circle in
Figure 1c. The dark‐blue data in Figure 1a represents synthetic data without noise and the black data represents
synthetic data contaminated with 10% Gaussian random noise. The percentage of added noise is relative to the
amplitude of the synthetic anomaly, defined herein as the difference between the maximum and minimum values

Table 1
Summary of Equation 5 Parameter Values of Synthetic Model Sources Shown in Figure 1, With Comparison of Values Estimated by Particle Swarm Optimization of 1
and 3‐Source Synthetic‐Model Data by Percentage of Added Noise

Simulated parameter values aRelative error

Equation 5
parameter

Synthetic source
(Figure 1)

True parameter
values

b0 Percent
noise

c5 Percent
noise

d10 Percent
noise

e50 Percent
noise

0 Percent
noise

5 Percent
noise

10 Percent
noise

50 Percent
noise

p (mV2q− 1) 1 50 50.00 61.07 42.50 − 9.92 0.00 22.14 − 15.00 − 119.84

2 − 3 − 2.90 − 2.92 − 2.87 − 2.74 − 3.33 − 2.74 − 4.20 − 8.63

3 − 25 − 9.14 − 4.80 − 60.00 − 17.02 − 63.42 − 80.80 139.99 − 31.92

4 5 3.71 3.57 4.26 − 1.76 − 25.71 − 28.67 − 14.84 − 135.22

θ (radians) 1 0 0.00 3.15 0.00 3.20 f3.15 f0.00 f3.20 f3.15

2 0.785 0.85 0.86 0.81 0.85 8.47 9.64 2.78 7.65

3 0 0.09 0.12 0.08 0.07 f0.09 f0.12 f0.08 f0.07

4 0 0.05 0.08 0.01 3.08 f0.05 f0.08 f0.01 f3.08

zo(m) 1 2 2.00 2.09 1.98 1.46 0.00 4.50 − 1.00 − 27.00

2 3 2.60 2.55 2.87 2.61 − 13.24 − 15.02 − 4.28 − 13.00

3 2 1.69 1.45 2.17 1.65 − 15.63 − 27.59 8.67 − 17.41

4 1 0.93 0.92 0.96 0.70 − 6.96 − 8.33 − 3.99 − 30.10

q (unitless) 1 2.25 2.25 2.28 2.17 1.77 0.00 1.33 − 3.56 − 21.33

2 0.625 0.61 0.61 0.62 0.61 − 1.98 − 2.32 − 1.35 − 2.94

3 2.25 1.96 1.75 2.57 2.01 − 12.73 − 22.22 14.41 − 10.76

4 2.25 1.95 1.92 1.96 2.26 − 13.44 − 14.69 − 12.95 0.28

xo(m) 1 g0 – – – – – – – –

2 − 5 − 4.87 − 4.82 − 5.09 − 4.59 − 2.60 − 3.58 1.88 − 8.18

3 5 5.13 5.18 5.25 5.09 2.70 3.57 5.01 1.87

4 0 0.05 0.08 − 0.02 0.03 f0.05 f0.08 f− 0.02 f0.03

Note. All simulations were performed with specified criteria of 2,000 particles, 60 maximum iterations before convergence is assumed, and root mean square error
(RMSE) of convergence equal to 0.0001 mV. aRelative error (RE) is calculated as RE = 100 ⋅ (simulatedvalue‐truevalue)/truevalue. bRoot mean square error between
the simulated electrical‐potential data for the optimized parameter set and the electrical‐potential data corresponding to the true parameter values equal to 0.0259 mV.
cRoot mean square error between the simulated electrical‐potential data for the optimized parameter set and the electrical‐potential data corresponding to the true
parameter values equal to 0.0324 mV. dRoot mean square error between the simulated electrical‐potential data for the optimized parameter set and the electrical‐potential
data corresponding to the true parameter values equal to 0.0251 mV. eRoot mean square error between the simulated electrical‐potential data for the optimized parameter
set and the electrical‐potential data corresponding to the true parameter values equal to 0.0879 mV. fAbsolute difference computed because the true parameter value= 0.
gThe xo parameter was fixed and not an optimized parameter for the 1‐source synthetic model.
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of the synthetic data. Figure 1b shows calculated electrical‐potential data profiles whose colors correspond to the
three sources in Figure 1d. The red data is the cumulative sum of the three individual data profiles and the black
data equals the red data with the addition of 10% noise.

Figure 2 illustrates the convergence characteristics of the PSO source‐localization algorithm applied to the 1‐
source synthetic model shown in Figures 1a and 1c. Figure 2a shows PSO algorithm convergence on the true
source parameters corresponding to the noise‐free (blue) and noisy (black) data in Figure 1a. In each case, PSO
iteration repeated until pre‐defined convergence criteria were met; either the maximum number of 60 allowed
iterations was exceeded or the RMSE between simulated and noisy synthetic‐model electrical‐potential data was
less than 0.0001 mV. Figure 2b shows a scatter plot of true versus simulated parameter values for application of
the PSO algorithm to the noise‐free data and noisy synthetic model data corresponding to the 1‐source model in
Figure 1c. The PSO algorithm converges within 10–35 iterations for both noise‐free and noisy synthetic‐model
data containing as much as 10% noise, and recovers the parameters of the 1‐source synthetic model accurately for
the noise‐free data and the data contaminated with 5% and 10% noise. The inverted parameters resulted in RMSE
between simulated horizontal electrical potential profile data and true data from true parameter values equal to
0.0 mV, 0.00537 mV, 0.00372 mV, 0.02737 mV, respectively, for inversion of data with 0, 5, 10, and 50% noise.

Figure 3 demonstrates source localization by PSO on the 3‐source synthetic model in Figure 1d. Additionally,
Figure 3 illustrates the process of modifying the objective function by Equations 10 and 11 during PSO of each of
the three synthetic sources shown in Figure 1d. The process is depicted for inversion of both the noise‐free (red)
and noisy (black) electrical‐potential profile data shown in Figure 1b. Figures 3a–3f show PSO applied to the
noise‐free data, whereas Figures 3g–3l show PSO optimization of noisy data for 5, 10, and 50% noise added to the
data. Figures 3d–3f show the progressive optimization of each of the three synthetic electrical sources by the black
asterisks adjacent to the pink, light‐blue, and green synthetic sources. The dark‐blue data in Figures 3a–3c
represent the simulated data after optimizing the positions and electrical parameters of stochastic sources rep-
resented by the black asterisks in Figures 3d–3f. The sources are not optimized in any particular order because
they are stochastic. In Figure 3a, the green source was optimized first by the PSO algorithm and the optimized
source parameters were substituted into Equation 5 to simulate the dark‐blue electrical‐potential data in Figure 3a,
which approximates the synthetic data attributed to the green source. The dark‐blue data in Figure 3a were
subtracted from the red curve, and added to the simulated data curve from the previous source (which in the case
of optimizing the first stochastic source was the zero vector) according to Equations 10 and 11. The second
stochastic source was added to the subsurface by the PSO algorithm and its position and electrical properties were
optimized to minimize residual error between the cumulative simulated data and the modified objective function.
The cumulative effect is shown in Figure 3b by the dark‐blue curve that approximates the part of the green curve
and one of the two relative positive peaks of the noise‐free cumulative anomaly (the peak attributed to the
presence of the light‐blue source). Equations 10 and 11 were applied again, and the third stochastic electrical
source was added and optimized by the PSO algorithm to approximate the properties of the pink source and
ultimately reproduce the red curve in Figure 3c from the combination of sources. The same process was applied to
the black curves in Figures 3g–3l to demonstrate the robust nature of the PSO algorithm for finding electrical
sources by inversion of data contaminated by adding varying amounts of noise ranging from 0 to as much as 50%.

Figure 2. Comparison of convergence and simulated parameter values of the 1‐source synthetic model for inversion of data with variable percentages of noise.
(a) Convergence of the particle swarm optimization algorithm. (b) Comparison of true parameter values with optimized parameter values for the 1‐source synthetic
models with 0, 5, 10, and 50% added noise.
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The PSO algorithm shows good accuracy with respect to identifying the locations of the pink and blue sources
(see Figure 3l) and fair accuracy for identifying the location of the green source considering the data are
contaminated with 50% noise and the green source is the weakest of the three synthetic sources.

Figure 3. Illustration of the progression of particle swarm optimization (PSO) of Equation 5 parameters of synthetic electrical sources with and without Gaussian random
noise added to the synthetic data. (a–c) Electrical‐potential profiles calculated with Equation 5 attributed to electrical‐current sources with simplified geometry, with
composite electrical‐potential anomaly (red curve) simulated from the three individual sources in panels (d–f), whose corresponding electrical‐potential profile data are
shown by the blue, pink, and green curves. The dark blue curves show the progression PSO of each electrical source. (d–f) Subsurface distribution of electrical sources
that produce the true model (red) and noisy true model (black) in panels (a–f). (g–i) Inversions of synthetic electrical potential data with varying degrees of noise shown
by the black curves. (j–l) Source distributions determined by PSO applied to noisy data in panels (h–j). In panels (d–f) and (j–l), colored circles represent the true
locations of the synthetic sources whereas the asterisks represent the locations of sources estimated by PSO.
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Figure 4 compares true and optimized parameter values of the 3‐source synthetic models for the different per-
centages of noise added to the synthetic‐model data. Figure 4b shows an enlarged region of Figure 4a. The
comparison indicates the optimized parameters of the stochastic sources represented by black asterisks in
Figures 3j–3l approximated the true parameter values by clustering around the line y = x for all percentages of
added noise, with the exception of the dipole‐moments of the light‐blue and pink sources (sources 3–4, Table 1) in
the presence of excessive noise in the data (greater than 10%).

Figure 5 shows results of the WLS source‐tomography algorithm applied to the 3‐source synthetic model. The
columns of Figure 5 represent inversions with increasing percentages of noise added to the synthetic‐model data,
for cases of 0, 10, and 50% added noise. The rows of Figure 5 represent inversions of data by the WLS algorithm
with varied preconditioning applied to the objective function by PSO. Figure 5a shows a reference case where
noisy‐synthetic model data are inverted by the WLS algorithm without any applied preconditioning. Figures 5b
and 5c show cases with variable preconditioning by PSO applied. Preconditioning, when applied, is applied either

Figure 4. Comparison of true versus simulated synthetic‐model parameters for optimizations of the 3‐source synthetic models depicted in Figure 3 for differing
percentages of noise added to the true synthetic‐model data. (a) Full comparison for all parameters. (b) Enlarged view of parameter comparisons within the black
rectangle in panel (a).

Figure 5. Illustration of source tomography of 3‐source synthetic model data with varied percentages of added noise with and without preconditioning the kernel matrix
of the weighted least‐squares (WLS) objective function by particle swarm optimization (PSO). Columns represent varied percentages of added noise and rows represent
varied precondition of the objective function. (a) Inversion of noisy synthetic model data by WLS without preconditioning by PSO‐simulated data or sources.
(b) Inversion of noisy synthetic model data by WLS by preconditioning the objective function with stochastic sources determined by PSO. (c) Inversion of the PSO‐
simulated data by WLS with stochastic sources used to precondition the objective function.
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(a) by inverting noisy synthetic‐model data with stochastic sources distributed into the kernel matrix of the
objective function (Figure 5b) or (b) by inverting PSO simulated data with stochastic sources distributed into the
kernel matrix (Figure 5c). The effect of inverting PSO simulated data as opposed to noisy synthetic‐model data is
a substantial reduction in the data noise imparted into the inverse‐model solution. This is evident in Figure 3,
where the PSO‐simulated data shown by the blue data approximates the true model data shown by the red data
well for all percentages of added noise. In Figure 5, the effect of preconditioning the kernel matrix with stochastic
sources from PSO is an enhanced elucidation of the blue and pink synthetic sources for all percentages of added
noise.

5. Monitoring Hyporheic Exchange in a Bedrock River
In the related work by Ikard et al. (2023b), two hydrologically active faults were identified by geoelectric surveys
at a study site at East Fork Poplar Creek (East Fork) in Oak Ridge, Tennessee. The faults are depicted in electrical
resistivity data in Figures 6 and 7 and labeled the north and south faults. In this current work, the north fault was
targeted for SP monitoring, and the inversion algorithms described in Sections 3 were applied to SP‐monitoring
data measured on the East Fork flood plain about 2–3 m offset from the streambank to investigate hyporheic
exchange occurring between the stream and the bedrock aquifer.

5.1. Description of the Study Area

The study site is shown in Figure 6. Figure 6a shows the regional setting of the study site and shows the location of
the monitoring site relative to streamflow gage EFK5.4 operated by Oak Ridge National Laboratory and the study
site of Rucker et al. (2021) approximately 310 m upstream from the SP monitoring site. Figure 6b shows a
photograph of the western flood plain taken from the eastern flood plain during installation of the SP monitoring
instrumentation. The general geophysical survey layouts at the study site are shown in Figure 6c relative to the
Ikard et al. (2023b) WaSP and electrical resistivity tomography (ERT) data acquisition and the East Fork stream.
Figure 6d shows an annotated photograph of the study area taken a few meters upstream from the parallel SP
monitoring array looking downstream. The annotated photograph shows the general locations of the installed
monitoring instrumentation and the prior data collection, and provides a good indicator of some salient hydro-
geological characteristics of the site including the dense vegetation, stream channel geometry, and characteristics
of the flood plain.

The hydrogeology of the survey area has been previously characterized by Rucker et al. (2021), Mohamed
et al. (2021a, 2021b), Tsai et al. (2022), and Ikard et al. (2023b) and is summarized here from these sources. The
resistivity distribution beneath survey lines ERT0 and ERT1 (Figure 7) show structural features that were
interpreted by Ikard et al. (2023b) as intersecting faults, but which may also be karst features and complex
intertwined networks of bedrock fractures. These features in the ERT data align spatially with WaSP anomalies
measured directly in the stream (Figure 7b), as well as with a fractured‐bedrock outcrop on the western flood plain
at the study site (see Figure 1 in Ikard et al. (2023b)). Hyporheic exchange between the stream and flood plain is
thought to occur predominantly lateral to the stream through the porous flood plain sediments and vertically along
fracture planes through the limestone bedrock outcrops and streambed (Mohamed et al., 2021a). For example, in
2012 water‐level altitudes measured in flood plain piezometers installed along the EFK5.4 reach were higher than
the altitude of the stream, such that the hydraulic head decreased from the flood plain toward the stream
(Mohamed et al., 2021a; Rucker et al., 2021). This prior work measured gradients in the unconsolidated sediments
under only baseflow conditions and showed groundwater discharge to the stream; however, gaining stream
conditions may not occur everywhere, particularly where groundwater exchange is dominated by fracture and
fault flow (Mohamed et al., 2021a). The WaSP anomaly measured at the north fault in January 2021 (Figure 7b)
indicated a possible vertical component surface‐water loss occurred along faults and fracture planes that intersect
the bedrock streambed.

Two SP monitoring arrays were installed into the East Fork flood plain near the north fault in March 2023. Each
consisted of multiple non‐polarizing copper‐sulfate electrodes that were connected to a multiplexor and data-
logger. Both monitoring arrays used a common reference electrode, which was buried at the location of the
datalogger and isolated from the arrays (see location in Figure 6c). The first array was 87‐m long and consisted of
30 electrodes buried in a trench on the east flood plain parallel to the streambed and offset by 2–3 m from the edge
of the bank (see Figure 6b), with each electrode separated from adjacent electrodes by a 3‐m interval. This array,
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referred to herein as the “parallel” SP monitoring array, was positioned parallel with the stream between WaSP
profile x‐coordinates of 0 and 87 m (Figure 7b), and intersected the north fault transversely approximately at the
array midpoint. The second array, referred to herein as the “perpendicular” array, was 40‐m long and consisted of
9 electrodes laid out approximately perpendicular to the streambed and separated from one another by a 5‐m
interval. Electrodes of the perpendicular array were positioned to approximately coincide with the north fault.
Figure 6b shows a photograph of installation of the parallel monitoring array. Electrodes were implanted 30–
45 cm beneath the base of an excavated trench. Stranded copper wire (14 gauge) was connected to each electrode
by waterproof terminal caps, bundled together with zip ties and run back through the trench to the reference
electrode where they were wired into the data logger. The datalogger was programmed to make differential
measurements between every electrode and the reference electrode every 60 s between 16:13:00 Eastern Standard
Time (EST) on 26 March 2023, and 11:41:00 EST on 14 September 2023.

Figure 6. Location maps and photographs of the survey area of East Fork Poplar Creek. (a) Geographic and reach‐scale location maps of the survey area. (b) Photograph
on 23 March 2023, of New Mexico State University students installing the parallel monitoring array. (c) Map of the monitoring instrumentation installed into the flood
plain and stream of East Fork Poplar Creek showing previous waterborne self‐potential and electrical resistivity tomography survey lines. (d) Photograph on 23 March
2023, of the survey area annotated from the layout map in panel (c).
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Figure 8 shows raw voltage‐difference measurements (black data) measured every 60 s at one selected electrode
in the parallel monitoring array for approximately 157 days. Additional data from selected electrodes upstream
and downstream from, and on top of the north fault are provided in the Supporting Information S1. Data pro-
cessing steps are summarized in a flow chart in the Supporting Information S1 and depicted in Figure 8a for a
general consideration of their relevance to the inverted data and the inversion results. The processed time series of
measured voltage‐differences at each electrode of the parallel monitoring array are shown in Figure 8b, which
depicts the collection of processed data by every electrode, as represented by the red curve in Figure 8a for
processed data from one single electrode. The colors of each time‐series indicates the spatial position of the
corresponding measurement electrode within the monitoring array, with the cooler colors (blues, greens) rep-
resenting electrodes at the upstream end of the parallel monitoring array (upstream from the north fault) and the
warmer colored time‐series (yellow, orange, red) corresponding to electrodes progressively further downstream
along the array. The corresponding time‐series of electrical‐potential at each electrode in the parallel array are
shown in Figure 8c, and a single instance of electrical‐potential profile data along the parallel monitoring array is
shown in Figure 8d corresponding to the measurement time indicated by the vertical black bar in Figures 8b and
8c. Each measurement time in Figure 8c represents a single spatial profile of electrical potential along the parallel
monitoring array, and each spatial profile of electrical potential was inverted as described in Section 3 to image
the subsurface distribution of electrical‐current sources through time.

5.2. Inversion of the Self‐Potential Monitoring Data

The parallel and perpendicular monitoring array profiles were discretized horizontally and vertically every 0.5 m
to a depth of z = 10 m. This discretization resulted in 3,500 discretized points beneath the parallel monitoring
array and 1,620 discretized points beneath the perpendicular monitoring array. The diagonal of the data weighting
matrix was calculated for each inversion by applying a windowed standard deviation filter (window width = 7
samples) to the electrical potential profile data measured along each monitoring array. The discrete banded
Laplacian matrix was used as the model weighting matrix for each inversion of the SP monitoring data. Regu-
larization was performed every 60 inversions, which corresponded to one regularization for every hour of
monitoring time. An automated methodology was implemented for selecting the regularized inverse model from

Figure 7. Comparison of electric resistivity tomography (ERT) survey data and electrical‐potential profile data along coincident waterborne self‐potential (WaSP)
profiles 1–2. (a) ERT survey line ERT0 located on the east flood plain of East Fork Poplar Creek. (b) WaSP profile data measured in the stream along the west bank of
East Fork Poplar Creek. (c) ERT survey line ERT1 located on the west flood plain of East Fork Poplar Creek. The black contour in the ERT data delineates the bedrock
surface interpreted from the resistivity distribution.
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the regularization data. This methodology is depicted in the Supporting Information S1 for one single inversion,
and the full time‐series of automatically selected values of the regularization parameter are shown in the Sup-
porting Information S1 for the parallel and perpendicular monitoring arrays.

Figure 9 depicts the spatial distribution of stochastic electrical sources beneath the monitoring arrays that were
accumulated through time by PSO applied to the measured electrical‐potential profile data. The distribution of
dipole moments of the stochastic sources beneath the parallel monitoring array are depicted in Figure 9a, whereas
the shape‐factor and polarization‐angle parameters of the sources, respectively, beneath the parallel monitoring
array are depicted in Figures 9b and 9c. Figure 9d plots the dipole moment of the stochastic sources beneath the
perpendicular monitoring array. The full collection of stochastic sources shown in Figure 9 illustrates how the
subsurface electrical layering differs between the parallel and perpendicular monitoring arrays.

Figure 10 shows an SP tomogram produced by inversion of one time‐lapse profile of electrical‐potential data
across each monitoring array. Figure 10a corresponds to the parallel monitoring array and compares measured
electrical‐potential data (black data) to simulated electrical‐potential data representing source‐localization by the
PSO algorithm (green data) and source tomography by the WLS algorithm (pink data). The x = 0 coordinates
correspond to SP electrode 1 at the upstream end of the electrode of the parallel array and electrode 31 closest to
the stream on the perpendicular monitoring array. The simulated electrical‐potential data produced by both the
PSO andWLS algorithms approximates the measured data indicating that the regularized inverse model of spatial
distribution of dipole‐moments depicted in Figure 10b is a valid unique model. Figure 10b shows the distribution
of inverted electric dipole moments beneath the parallel monitoring array corresponding to the electrical‐potential
profile data in Figure 10a for regularization parameter λ= 5.2983 × 10−4. The inverted triangles along the surface
z = 0 show the locations of SP electrodes in the parallel monitoring array, and the stochastic sources determined
by PSO of Equation 5 for the given electrical‐potential profile data are shown in the tomograms by the black dots
beneath the surface z= 0. The north fault is imaged between x‐coordinates of about 37–52 m. The location, width,

Figure 8. Time‐series and spatial self‐potential (SP) monitoring data measured on the parallel monitoring array, with an
illustration of the data‐processing steps completed prior to inversion. (a) Raw SP data (black data) measured on a single
electrode upstream from the north fault with intermediate results of data‐processing steps. The green data shows the low
frequency variation of the raw data. The blue data shows the result of applying transient electrode‐drift corrections to the
green data. The red data shows the result of applying a linear spatial‐trend correction and notch‐filtering to the blue data.
(b) The collection of processed time‐series data analogous to the red data in panel (a), albeit for every electrode in the parallel
monitoring array. Colors are varied to represent the electrode number shown in panel (d). (c) The time‐series of electrical
potential produced by numerical integration of the time‐series data shown in panel (b). (d) Spatial profile of processed
electrical‐potential data along the parallel monitoring array at a single measurement time indicated by the vertical black lines
in panels (b–c). The vertical black line in (d) shows the intersection point of the perpendicular and parallel monitoring arrays.
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and geometry of the north fault imaged in Figure 10b is consistent with the location, width, and geometry of the
north fault annotated in the resistivity data shown in Figure 7a.

Figure 10c shows an SP tomogram produced by inversion of one profile of electrical‐potential data across the
perpendicular monitoring array at a single measurement time. The x= 0 coordinate of the tomogram corresponds
to the intersection of the parallel array at the approximate midpoint of the parallel array. Similar to Figure 10b, the
stochastic sources determined by PSO of Equation 5 for the given electrical‐potential profile data are shown in the
tomograms by the black dots beneath the z = 0 surface. The electrical structure and layering in the tomogram in
Figure 10c resembles the electrical structure and layering in the accumulated stochastic sources shown in
Figure 9d. There is a clear layering between dipole moments of different polarity, which appear to define an
ambiguous horizontal boundary between about 4 and 6 m depths beneath the electrodes where the polarity change
occurs. It is evident from simultaneous consideration of the tomograms corresponding to the parallel and
perpendicular arrays that this layering appears as a preferential flow path between the East Fork stream and the
flood plain along the north fault. Note that resistivity heterogeneity can be incorporated into the inversion result
by Equation 6 to produce an inverse model of electrical current when collocated resistivity data are available at the
model grid nodes. This has been omitted here because there is not an exact alignment between ERT survey lines
and either of the SP monitoring arrays, and there is substantial heterogeneity in the flood plain subsurface between
the fractured and faulted bedrock, alluvial sediments, and the potential for karst.

Figure 9. Results of source localization by particle swarm optimization using a maximum of 15 sources for each time‐series profile of electrical potential data measured
along the monitoring arrays. (a) Inverted values of electric dipole moments beneath the parallel monitoring array. (b) Inverted values of shape factors beneath the
parallel monitoring array. (c) Inverted values of polarization angles beneath the parallel monitoring array. (d) Inverted values of electric dipole moments beneath the
perpendicular monitoring array. The vertical solid black line A–B indicates the approximate plane of intersection of the parallel and perpendicular arrays.
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6. Discussion of Results
This section provides a discussion of the results obtained by applying the inversion methodology described in
Section 3 to synthetic‐model and SP monitoring data. The inverse‐modeling algorithm is evaluated for its ability
to: (a) locate and image synthetic‐model sources and quantify their electrical properties, (b) image the electrical‐
current sources within the East Fork flood plain from electrical‐potential profile data, and (c) capture transient
electrical conditions in the East Fork flood plain attributed to hyporheic exchange along the north fault between
the stream, flood plain, and the bedrock aquifer.

Figure 10. Results of preconditioned source tomography applied to self‐potential monitoring data measured at East Fork Poplar creek on the parallel and perpendicular
monitoring arrays at a single time. (a) Comparisons of measured electrical‐potential data with data simulated by the particle swarm optimization algorithm (green data)
and the source tomography algorithm (pink data). (b) Inverted distribution of electric dipole‐moments beneath the parallel monitoring array. (c) Inverted distribution of
electric dipole‐moment beneath the perpendicular monitoring array.
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6.1. Inversion of Synthetic Models

The robust nature of the PSO algorithm used for source localization was demonstrated by inversion of the
electrical‐source locations from the simulated data derived from the 1‐source and 3‐source synthetic models
contaminated with variable percentages of noise. The PSO algorithm converged on the 1‐source synthetic model
within 10–35 iterations, accurately located the source, simulated the synthetic‐model data with low residual error,
and quantified the true electrical properties of the source nearly perfectly for the case with 0% noise (Figure 2).
The PSO algorithm also converged and reasonably accurately recovered the location of the source when 5, 10 and
50% noise were added, albeit with reduced accuracy relative to the optimized dipole‐moment parameter in the
test‐case with 50% noise (Figure 2d). Similarly, the PSO algorithm applied to the 3‐source synthetic model
approximated the locations of the three sources with reasonable accuracy for all levels of noise added to the
synthetic‐model data (Figure 3). Figure 3 displays minor differences in the optimized locations of the three
synthetic sources between the noise‐free synthetic data and the synthetic data with 50% noise added. Additionally,
Figure 4 indicates that the electrical properties of the three synthetic sources were quantified by PSO with
reasonable accuracy because they plotted predominantly around the line y = x in the comparison of inverted and
true parameter values for all percentages of noise added to the synthetic‐model data. In all test cases for 3‐source
synthetic models, the relative error (RE) between assigned and simulated Equation 5 parameters reported in
Table 1 varied between −135 and + 140%, with the minimum and maximum values corresponding to the dipole
moments of the pink and light‐blue synthetic sources, respectively, for the test cases of 50% and 10% added noise,
respectively. Excluding these extreme RE values, the mean RE for all other parameters was −7.9% and the
median RE value was −2.7%. The RMSE between the simulated model data and the true model data for the
optimized parameters varied between 0.0251 and 0.0879 mV for all test cases indicating that the true‐model data
are reproduced by the simulated data to a microvolt level of residual error for the stochastic‐sources that were
optimized. In all test cases, the accuracy of simulated parameters could be improved at the expense of compu-
tational speed by increasing the number of allotted PSO iterations per stochastic source, reducing the convergence
tolerance (which may also inadvertently overfit the data), or increasing the number of particles applied to each
particle swarm.

Figure 5 illustrates the improvement imparted into the inverse‐model tomograms by the PSO preconditioning
step, most prevalently in cases where substantial noise was added to the inverse‐modeled data. The tomograms in
Figure 5 approximate the locations of the pink and blue synthetic sources in the discretized model space; however,
the preconditioned tomography algorithm struggles to image the green source for all percentages of noise, and this
may illustrate an inherent limitation in the gradient‐based tomography algorithm, as the source location and
parameter values are reasonably accurately identified and quantified by the PSO preconditioning step. The
reduced performance on 3‐source synthetic model in imaging the green synthetic source is primarily attributed the
fact that the tomography algorithm produces a spatially continuous parameter field that is attempting to image a
single, relatively weak electrical source at a fixed point in the model space, as opposed to a distributed aggregation
of sources, which may more realistically represent groundwater flow through a preferential flow path. The green
source was assigned the lowest value of dipole‐moment intensity of the three synthetic sources, and the dipole‐
moment provided insufficient signal relative to the assigned dipole‐moments of the pink and blue sources and the
added noise. Despite the rather poor performance of the tomography algorithm in imaging the green synthetic
source, SP source‐tomography preconditioned by PSO of Equation 5 appears to be a reasonably valid tool for
inverting SP monitoring field data for electrical dipole‐moment sources attributed to groundwater flow, which is
in many cases one of the strongest primary sources of self‐potential in the near subsurface.

6.2. Inversion of the Self‐Potential Monitoring Data

Stochastic electrical sources beneath the parallel monitoring array (Figure 9a) plot predominantly between depths
of about 0–3 m with source density decreasing at greater depths beneath the array. Sources characterized by
positive dipole moment values are primarily constrained to the first 1–2 m beneath the monitoring array. Within
this range of depths there is a dense clustering of electrical sources that are characterized by a mix of relatively
weak‐positive and weak‐negative dipole moments between about +50 mV ⋅ m and −500 mV ⋅ m (1–2 orders of
magnitude greater than synthetic‐model sources). The cluster depicts an electrical layering of sources with
consistent dipole‐moment intensities that might be a result of water transfer between the stream and the thin
veneer of porous alluvial sediments above the bedrock aquifer on the flood plain. Stochastic sources within this
region are characterized by shape factors that are predominantly greater than two indicating sources of
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predominantly spherical and cylindrical geometry, and polarization angles that are constrained between values of
about−5 radians and+5 radians. In contrast, the electrical sources at depths greater than 2 m are characterized by
comparatively stronger negative dipole moments between about−500 mV ⋅ m and−3,000 mV ⋅ m (2–3 orders of
magnitude greater than synthetic‐model sources), predominantly negative shape factors between about −0.5
and +2.0 indicating a larger proportion of sources with planar sheet‐like geometry, and polarization angles be-
tween about −10 and −40 radians. Fewer stochastic sources are plotted between depths of 3–10 m compared to
between 0 and 2 m, except at x‐coordinates between about 35 and 50 m which is the region of the north fault
depicted in ERT0 data (Figure 7a) and in the SP tomogram in Figure 10a. The sources within this region, which
appear to cluster along one or more inclined vertical planes, likely reflect enhanced hyporheic exchange with the
flood plain along the fault through the bedrock streambed, which is visibly fractured in this region (see Figure 1 in
Ikard et al. (2023b)). Fewer sources below depths of 2–4 m may result if there is reduced groundwater flow
attributed to the closing of fractures and reduced accessibility of karst features at greater depths in the bedrock
aquifer. This observation may also reflect the reduced sensitivity of SP data to electrical sources at greater depths.
Nevertheless, stochastic sources located between x‐coordinates of about 37–52 m on the parallel monitoring array
are spatially coincident with the polarity change observed in the WaSP anomaly across the north fault, shown in
Figure 7b and show relatively dense clustering at depths greater than 8 m.

Stochastic electrical sources plotted beneath the perpendicular array (Figure 9d) are similar in magnitude to those
beneath the parallel array, albeit with some obvious differences in the spatial distribution and electrical layering
depicted by the distribution of the sources. In general, electrical sources appear to be deeper beneath the
perpendicular array than beneath the parallel array and are more densely clustered between depths of 4–8 m
beneath the perpendicular array. Like the stochastic sources depicted in Figure 9a, the stochastic sources in
Figure 9d are characterized by predominantly positive dipole moment values between 0 m and about 2 m depth;
however, the distribution of stochastic sources characterized by weak‐negative dipole moment values between
0 and −500 mV ⋅ m appears about 2–3 m thicker beneath the perpendicular array than beneath the parallel array.
The comparably denser source clustering at depth beneath the perpendicular array relative to the parallel array
may reflect a greater component of preferential groundwater flow into the flood plain at greater depths, which
may occur as a result of lateral and vertical flow along a fracture or fault plane.

The electric dipole moment is a vector quantity with direction that points from the negative charge toward the
positive charge. A change in direction of the dipole‐moment vector therefore results in a change in polarity
attributed to the change in direction of charge separation, which can occur in response to a change in groundwater‐
flow direction. Figure 11 aligns the tomograms in Figure 10 and rotates the view to depict the differences in
electrical polarity in the subsurface at the intersection of the north fault and the East Fork streambed. Figure 11a
shows an electrical condition where the inverted electrical dipole moments near the intersection of the north fault
and the stream are predominantly negative polarity. Figure 11b shows the opposite electrical condition where
inverted electrical dipole moments in the subsurface near the north fault are predominantly positive polarity.
These transient electrical dynamics are at times attributed to water transfers between the stream and the fault, as
can be inferred by the comparison of streamflow from gage EF5.4K (310 m upstream from the SP monitoring
arrays) to measured voltages and calculated electrical potentials on the flood plain and inverted electrical sources
at selected locations beneath the monitoring arrays, shown in Figure 12.

The graphs in Figure 12 demonstrate that a relation exists between streamflow in East Fork and the measured and
inverted SP monitoring data. In Figure 12a, streamflow data (blue) measured during a period of elapsed time of
60–110 days are compared to voltages at selected electrodes on the parallel array upstream from the north fault
(electrode 3, green), on top of the fault (electrode 15, black), and downstream from the fault (electrode 25, pink).
In Figure 12b, the relation between streamflow data and electrical‐potential time‐series on each of the selected
electrodes in Figure 12a is depicted. Figure 12c depicts the relation between streamflow and time‐series of
inverted dipole moment sources at different depths beneath the selected electrodes. Clear dependencies of the
measured voltages, electrical‐potential, and inverted dipole moments on discrete stormflow discharge events in
East Fork are evident between about 77 and 100 days. Following a period of relatively low and consistent
streamflow between 60 and 77 days that is characterized by linearly drifting voltages, electrical‐potential, and
dipole‐moment sources, a discrete increase in streamflow at 77 days is synced in time to notable changes in the
monitored and inverted self‐potential data. The electrical conditions at and beneath the corresponding electrodes
change noticeably in response to successive streamflow events within the displayed time period. In contrast, the
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dependency between streamflow and inverted dipole‐moment sources beneath electrode 3 (green, upstream from
the north fault) is less apparent.

Figure 13 depicts transient changes of the inverted dipole‐moment sources in the East Fork flood plain that are
attributed to streamflow losing conditions along the north fault at five successive times. Inverted dipole‐moment
sources beneath the perpendicular monitoring array increase through time progressively further outward from the
stream onto the flood plain in Figures 13a–13c. Figures 13d and 13e depict a contraction and attenuation of the
dipole‐moment sources around the intersection of the monitoring arrays. The dipole moments observed at 20–
25 m along the perpendicular array in Figure 13c appear to progressively diminish and spread further laterally and
vertically deeper into the flood plain, extending 30–35 m into the flood plain and reaching depths of 8–10 m
beneath the surface. These results demonstrate that spatiotemporal SP monitoring and inversion elucidates
changes in the size, location, and configuration of the active‐flow region of the hyporheic zone along the north
fault through time. This represents a valuable methodological development and addition to established methods
for investigating groundwater and surface‐water exchange (temperature sensing, WaSP surveying, tracer
methods, wells), which provide data that is fairly continuous spatially and over time but do not directly examine
the subsurface in this manner. SP monitoring and inversion by the methodologies described herein therefore
present a new method for monitoring groundwater and surface‐water exchange and characterizing hyporheic
zones in bedrock rivers, both spatially and temporally.

7. Conclusions
Self‐potential source‐localization and source‐tomography were combined into an algorithm to inverse model
spatially distributed SP monitoring data measured on the flood plain of a bedrock river. Source localization was
performed by PSO of an analytical forward model of horizontal electrical‐potential profile data attributed to

Figure 11. Results of source tomography from self‐potential monitoring data measured at East Fork Poplar creek on the parallel and perpendicular monitoring arrays at
two different times representing gaining and losing conditions as indicated by the polarity of the inverted dipole moments in the subsurface near the north fault.
(a) Inverted distribution of electric dipole moments showing negative dipole moments in the subsurface near the north fault. (b) Inverted distribution of electric dipole
moments showing positive dipole moments in the subsurface near the north fault.
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buried electrical sources with simple geometries. Source tomography was performed by regularized WLS
regression. The two algorithms were combined by preconditioning the WLS objective function with prior in-
formation on positions and dipole‐moment intensities of stochastic electrical sources optimized by PSO. The
inversion algorithm was tested on 1‐source and 3‐source synthetic models with 0%, 5%, 10%, and 50% added
noise, and then applied to SP monitoring data measured along two intersecting electrode arrays oriented parallel
and perpendicular to a previously identified fault through the bedrock riverbed and flood plain of East Fork Poplar
Creek. Such a tool contributes to several pressing needs in the hydrogeophysical sciences: (1) the need for data‐
processing tools to expand upon methodologies available for characterization of bedrock rivers, (2) the need to be
able to monitor and quantify the relative changes in hyporheic exchange in bedrock and alluvial rivers through
time to gain better understanding of hyporheic zone processes in both bedrock and alluvial rivers, and (3) the need
for accessible and computationally efficient and robust SP‐data inversion algorithms for general practice in
hydrogeophysical sciences. Several novel advances are offered by this work through addressing these needs,
including: (1) a practical and efficient inversion algorithm for two‐dimensional inversion of waterborne and land‐
based self‐potential data, (2) a modification to the PSO algorithm to sequentially localize and optimize the
electrical properties of any specified number of stochastic sources, (3) a modification of the gradient‐based SP
tomography algorithm to (a) incorporate the PSO algorithm as a preconditioning step and (b) incorporate an
analytical model that relinquishes the need to solve the coupled groundwater‐flow and electrostatic partial

Figure 12. Comparison of streamflow at gage EF5.4K to (a) measured voltages at selected electrodes on the self‐potential monitoring arrays, (b) electrical potential
times‐series calculated from measured voltages, and (c) inverted electrical dipole‐moment sources at different depths within the East Fork flood plain inverted from
spatial profiles of electrical potential. The comparisons illustrate a dependency between streamflow, measured voltages, calculated electrical‐potential, and inverted
dipole‐moment sources.
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differential equations. These advances eliminate inherent assumptions as to the nature of the inverted electrical
sources (streaming‐current vs. diffusion etc.), and demonstrate an application of time‐lapse SP monitoring to
image hyporheic exchange in a bedrock river through time, which has not been previously investigated through
SP monitoring.

Data Availability Statement
The SP monitoring data, water‐quality monitoring data, streamflow data, data‐processing and SP inversion
software, and the output SP inversion‐model data pertaining to the analysis described herein, are available online
as a U.S. Geological Survey data release by Ikard et al. (2024). Additional supporting waterborne self‐potential
and electrical resistivity tomography data sets are available as a U.S. Geological Survey data release by Ikard
et al. (2022) and Ikard et al. (2023b).
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